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5J 1 ABSTRACT 

We study a family of mutually commutative difference operators associated with the 

affine root systems. These operators act on the space of meromorphic functions on the 

Cartan subalgebra of the affine Lie algebra. We show that the space spanned by the 

characters of a fixed positive level is invariant under the action of these operators. 
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1 Introduction 

In [JZ7|], a family of mutually commutative operators, whose coefficients consist of theta 



functions, were introduced as a relativistic quantum many-body system, i.e., an elliptic 
difference analogue of the Calogero-Sutherland model. Since then, these operators have 
been studied extensively from various points of view, especially from the analogy with the 
Macdonald operators. The eigenvectors of the Macdonald operators are a two-parameter 
extension of the Schur functions or the characters of finite dimensional simple Lie algebras. 
Then it is natural to expect this structure in the elliptic case. In fact, it was clarified 
in (TT|,|T2[ that the elliptic analogues of type A\ and C% have an invariant subspace in 
the meromorphic functions and that this space is actually spanned by the characters of 
the corresponding affine Lie algebra. These facts are found through the studies of the 
intertwining vectors between the face models and the vertex models. Independently, in |j| , 
the Boltzmann weight of the matrix elements of Belavin's elliptic i?-matrix was calculated 
making use of this fact implicitly. 

In a series of Cherednik's papers [§],|§,01, it has been proved out that the double affine 
Hecke algebra plays an essential role in the Macdonald theory. There are some algebras 
that are considered to describe the structure of the elliptic analogues ^],|],|ll],|3lj]. In this 



paper, we employ yet another approach or the root algebra to these operators. Following 
the previous work |21] where we studied nontwisted cases, we construct a family of mutu- 



ally commuting difference operators associated with arbitrary affine root systems. These 
operators are shown to act on the vector space of the Weyl group invariant meromorphic 
functions and, furthermore, on the space spanned by the characters of a fixed positive level. 

This paper is organized as follows: In section 2, we prepare the notations and definitions 
used in this paper. In section 3, we define the root algebras that was introduced by 
Cherednik in the development of the theory of the affine Hecke algebras. In section 4, 
we demonstrate some examples of the generators of a commutative subalgebra in the 
root algebras. In section 5, we give some representations of the root algebras with a 
spectral parameter, which consist of Jacobi's theta functions and act on the meromorphic 



functions on the Cartan subalgebra. We show that when we assign a special value to the 
spectral parameter, the difference operators preserve the Weyl group invariant subspace. 
By construction, they form a commutative family. In section 6, we calculate the explicit 
forms of these operators at this spectral parameter and observe that they can be regarded 
as an elliptic analogue of the Macdonald operators. In twisted cases, we have the difference 
and quantum version of the systems that is recently proposed and is dealt in terms of the 
Lax formalism |jj. We also prove that the generators are algebraically independent and 
thus the commutative subalgebra is isomorphic to a polynomial ring. In section 7, we show 



the main theorem (Theorem 7J3) that they have an infinite dimensional invariant subspace 
(finite rank submodule) of the theta functions of positive level, where the key of the proof 
is due to @,[19|. The last section is devoted to the concluding remarks. 

To end this section, we present two elliptic difference operators which take the simplest 
form among the generators respectively in the root systems of type A\\ and A 2l . 

^'fn t;-> n^ (L1) 
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o ^[(0)J W-hM-k-h) 



x 



Vll # n4 _Ax< - k/2) ti^A-Xi - k/2) )' { ' } 



. , ',,+ m-',, - k/2) ^+i(-^- - k/2) 



Here we have realized the root systems in C l in the standard way, q 9j{x) = "&j{x\ r) is the 
Jacobi theta function and U(k) is a translation of the variable Xi by k. n r (r = 0, 1, 2, 3) 
denotes the permutation: n = id, 7Tl = (01) (23), 7r 2 = (02) (13), and 7r 3 = (03) (12). The 
parameters k, /i, v r and z/ r (r = 0, 1, 2, 3) are arbitrary constants. The operator fll . 1|) was 
introduced in [2j| together with the whole family of commuting difference operators, while 



the operator ( |1.2| ) was conjectured to be a member of a commutative family in [|32j p3|. 



The A^ -type model was referred to as .D-type or PC-type in previous papers. 

If we set k = l/j/k in A\\ case and n = (y + 2v + 2(1 — l)jj)/k in A 2l case, where 
v = ^2 v r an d v = (^2 v r )/2, then these operators have an invariant subspace which consists 
of the characters of level k corresponding to each affine Lie algebra. When the parameters 
fi, v, v are set to be unity, we see that k reduces to h y jk where h v is the dual Coxeter 
number. For the derivation of these facts in each case, see [11], 13, [L4, 20,^2 . 



2 Affine Root Systems 

We give some well-known facts about the affine root systems and the affine Weyl groups 0, 
[4],[i"5|j, which are the standard tools in the theory of the affine Hecke algebras. Some of the 
definitions are slightly changed and extended so that they include the twisted affine root 
systems. Most of the notations are due to ||16| . 



Let = q(A) be the affine Lie algebra associated with the generalized Cartan matrix 
A of type Xff, I) its Cartan subalgebra, dim f) = I + 1 the rank of g, I = {0, ...,/} a set 
of indices, II = {aj|i G /} C f)* the set of simple roots, Il v = {a(\i G /} C f) the set of 
simple coroots, A the root system, Q and Q v the root and coroot lattices, P and P v the 
weight and coweight lattices: 



Q = 0Za i cP = 0ZA i ©C<Jcfj*; (2.1) 

iei iei 

Q v = 0Za, v cP v = 0ZA^©Orcl), (2.2) 

iei iei 

where (a^AJ) = Sij, (Aj, aj) = Sij, d = Aq. Since the normalized invariant form is 
nondegenerate on f), we have an isomorphism v : \j — > f)* defined by 

(u(h),h 1 ) = (h\h 1 ), MiGf), (2.3) 

o o o o 

and the induced bilinear form (.|.) on 1)*. Let / = {1, ...,/}, II = {a.i\i G /} and n v = 

o o o 

{o^i\i G /}. Let f)* be the subspace of [)* spanned by II over C. For A G f)*, denote by A 



the orthogonal projection of A on t)*. Let Q be the sublattice of Q generated by IT and P 

o o o o 

the projection of P on ()*. The dual notions f), h, Q v and P v are defined similarly: 



Q = Z a* C P = Z A* C §*; (2.4) 

o o 

iei iei 

gv = Zq v c > = zX v c ^ (25) 

o o 

For a G A re , let r a be a reflection defined by 

r a (A) := A - (A, a v )a, A G &*. (2.6) 

o o 

The Weyl group W is generated by the fundamental reflections {rj := r a% \i G 1} on f)* and 
the affine Weyl group W is generated by {ri\i G J}. The defining relations are given by 
rf = id and the Coxeter relations: 

(n rj) m v = id, for i^j el, (2.7) 

where rriij — 2 if 014 and otj are disconnected in the Dynkin diagram S(A) and rriij = 3, 4, 6 
if 1,2,3 lines respectively connect ckj and atj in S(A). We note that there is no Coxeter 

o 

relation in the affine root systems of rank 2. For a G f)*, we define endomorphisms t a ,t L a 
of the vector space \f for k G C by (cf. ||) 

t Q (A) := A + (A, A> - ((A|a) + ||«| 2 <A, #»<J, (2.8) 

£(A):=A-«(A|a)& (2.9) 

Here i^ is associated with an endomorphism of f)*, t(A) := A + (k — 1)(A, d)<5 as follows: 

Lot a (X + m5) =t L a (°\ + m5). (2.10) 

Let di and a^ be the labels of the Dynkin diagram from Table Aff in |L6| . Note that a = 2 



if A is of type A$ and o = 1 otherwise. Let := 5 - a «o G A + , M := i/(Z(W • 6> v )) C fy* 
Tm the corresponding group of translations of M. Then 



Proposition 2.1. TTte group W is the semidirect product W = W x T, 



Af- 



For a G A re , let 7 a := r if a G A; and 7 a := 1 otherwise. Then the real roots are 
written as 

( o 



{a + wy a 5\a G A, n G Z}, if A is not of type A 



(2). 
21 i 



{a + n 7a %GA,«GZ}U (2) I 2 - 11 ) 

i o it A is of type A,/. 

{-(a+(2n-l)<J)|aeA,,neZ}, 

Let M := {A G \f\a G A re , (a|A) G 7 a Z}. Then we see that M d P and T^ is normalized 

by W. 

Definition 2.2. TTie extended affine Weyl group W is the semidirect product W := W x 
The lattice M is defined so that the extended affine Weyl group acts on A. Here are 

o 

the explicit description of M and its canonical basis {\i\i G /}: 

M=C Cn ' ^^^ A,J^' ar=li (2.12) 

P, otherwise, [A;, otherwise. 

We also use M_ := © oZ< Aj. The action of W is naturally induced on f) via the form 

iei — 

(;■)■ 

Let fl be the subgroup of W which stabilizes the affine Weyl chamber C. 

Proposition 2.3. The subgroup Q is isomorphic to W/W ~ T^/Tm thus Abelian. The 
extended affine Weyl group W is isomorphic to the semi-direct product W»fi. 



Definition 2.4. 1. The length £(w) of w G W is the length £ of the reduced decompo- 
sition: 

w = r h ...r ie , for i k G /, (2.13) 

£(id) = 0. (2.14) 



2. The length £{w) of w G W is the number of the positive roots made negative by w : 



£{w) := |A,b|, 

A^ := {a G A+ n -wA + }, 



(2.15) 
(2.16) 



which is equivalent to the definition £(w) forw G W . The reduced decomposition of 

w G W is w = wuj = r ix . . . r ie uj, where u G f2 and £ = £{w) = £{w). 



The set Ay, is explicitly described as A^ = {a 1 = a^^a 2 = r^(a 



12) 1 



, a 



wr 'iX a ii)}- By definition, A^ is independent of reduced expressions. One sees that 
n= {ueW,£(u) = 0}. 

-. — - o 

Definition 2.5. A weight A G M is said to be minuscule if A t _ x C A + . 



We use the following useful formulas, which can be easily derived from the definitions 
above: 



A 



t\_ 



( o 1 

{a — ny a 5\a G A + , > n > — (A_ a)}, 

la 
1 

{a — ny a 5\a G A., > n > — (A_ a)} U 

la 
1 ° 1 

{-(a - (2n - l)S)\a e (A+) / ,0>n> -(A_|a)}, 



if A is not of type A 



(2). 
21 ' 



if A is of type A 



(2) 
21 > 



t(t> 



E 



a£A H 



a£A H 



-J-(a|A 

7a v ' 


-) 


(a|A_) 


1 



if A is not of type A 
if A is of type A 2l , 



(2). 
21 i 



€fa «_*)=€(*_*) + 1, 

£(r,t_ A J=£(£_ A J-l, 
£(t A _ W )=£(t A J+£H, 

*(*A_+A'_)=*(*A_)+*(*A'_), 



(2.17a) 

(2.17b) 

(2.17c) 
(2.17d) 
(2.17e) 
(2.17f) 



where i ^ j E I, A_, A'_ G M_, w G VT. 



3 Root Algebras 

We shall define the root algebras after Cherednik ||. Let T be the tensor algebra over 
C generated by independent variables {R a \<y G A re }. Then the action of w G W on A re 
induces an action on T by w : R a \— > Rw(a)- 

Definition 3.1. Let X be the ideal in T which is generated by all the elements of the form 
for i 7^ j G I, and w G W : 

™(R a . ® R r . a . ® Rr irai ® • • •) - ™(i? a . ® iL. a . ® iL. r . a . ® • • •)■ (3.1) 



V— 



mij factors mij factors 

The root algebra 1Z is T /I. {R a \a G A re } are called the R-matrices. 

Because of the VT-invariance of X, the action of W is induced on 1Z. For simplicity we 
write products in 1Z in the usual way for associative algebras. 

Theorem 3.2. 1. There exists a unique set {R^\w G W} C 1Z satisfying the relations: 

-ft-vw = -tiv ti"w> f^ri = f^cti \l G J J, tt^j = 1, \y-^) 

where u G Vt, v,w G W and £(v w) = £(v) + £(w) . 

2. We have the R-matrix for w G W and its arbitrary reduced decomposition w = wu = 
r h ... r k u as 

Rw = R a i . . . R a e, a 1 = a h , a 2 = r^a^), . . . , a e = wr ie (ati t ) G A A . 

(3.3) 

Instead of the original root algebra, we use the following extension, where 1Z is combined 
with the translation group T^g: 

Definition 3.3. 1Z := TZ x T^: 

(Rt x )(R't,)=R(^R')t x+ „ (3.4) 

where R,R'£lZ and A, /i G M . 



(2) 

We see that TZ is generated by {t\.,R a \i G I, a G A} if A is not of type A^/ and 
{t Ai , i2a|z G /, a G A, 2a - <5 G A} if A is of type A^ ; . 

Theorem 3.4. T/ie subalgebra S G TZ generated by {Y x := R tx t\\\ G M_} forms a 

o 

commutative algebra and is generated by {Y~ Xi \i G /}. 



Proof. It is straightforward by the formulas ( [2.17| ) and Definition |3.3| . D 



4 Affine Root Systems of Rank 3 

There are six types of affine root systems of rank 3. We denote a = ct\ and (3 = a 2 where 
|cki | > \a 2 \, and A = Ai and /i = A2, respectively. We have the following systems: 

4 1} -type Y~ x = R a R a+f} t-x, (4.1a) 

Y-» = RpR a+ pt^, (4.1b) 

Cf } -type Y- x = R a R a+fS R a+W t_ A , (4.2a) 

Y M = R/3 R a+ 2/3Ra+l3Ra+2l3+6t-fj 1 , (4.2b) 



G 2 "type Y — R a R a+ f3R2a+3f3 Ra+2/3Ra+3/3 R2a+3f3+5t-X, (4.3a) 

Y ^ = Rp R a+ 3/3 R a +2f3 -^20+3/3 Ra+P 

Ra+3/3+6 R2a+3f3+8 Ra+2/3+5 Ra+3/3+28 R2a+3P+28 t-^, 



(4.3b) 



A A -type Y = R a R a+ p R a+ 2/3 Ri a+ ±sRa+p+s Ri a+ p + ±st_\, (4.4a) 

Y~^ = Rp R a+2 p R a +p -Ri Q+/3+ 1,5 t-n, (4.4b) 

^3 -type Y~ x = R a R a+ pR a+ 2pRa+p+st-x, (4.5a) 

F -/x = Rp R a +2p R a +p t-/i, (4.5b) 

9 



/■qI y — Ra Ra+f3 R2a+3/3 Ra+2(3 

Df'-type n . ( 46a ) 

Ra+3/3 Ra+f3+8 Ra+2/3+5 R2a+3/3+38 Ra+/3+2S Ra+2j3+28 t-\, 
y ** = Ra Ra+3/3 Ra+2/3 R2a+3/3 R a +/3 Ra+2/3+5 t-^. (4.6b) 

5 Elliptic i?-matrices 

For a G A re , let fjL a G C be ^-invariant constants: fiw(a) = /•*<* for w G W7 Let Y := 
{/i G P) | Re (5, /i) > 0} and let M. be the set of meromorphic functions on Y . We define an 
action of w — wt\ G W on M as (w f)(h) : = /(#L A w -1 (/i)). 

o 

Fix k G C and £ G f)*. We define R a G End c M for a G A' re by 

R a :=H a {ft a )-H a ((Z,a v ))r a , (5.1) 

with the following function (see the definitions in Appendix): 

Ha ^>- = — fli'(o- 7 ) a 7^(H«);7a)- (5.2) 

Theorem 5.1. T/ie map tt : i? a i— > R a ,t\ h- > £ a induces a homomorphism from TZ to 
Endc-M- These R-matrices satisfy the unitarity 

R a R- a = ( — ^l/fQ-" \ ~ ) (p°(7a^a£; ^«) "~ P°(7a(£, « V )^; 7«)) Id M • (5-3) 

Besides the above representation, we have more general forms that depend on the 
relation among Q, Q y , M. For a G A re , let 



iV a : = ^:=(m«,n a ) eRl 



a v G m Q Q , m a (a,Q ) C Z, 

_ ( 5 - 4 ) 

n a 7 Q a v G m a M, m a (M\a) C n Q 7 a Z, 

This condition is required when the root algebra acts on the vector space spanned by theta 
functions (Proposition |7.1| ) and is an elliptic analogue in the representation of the Hecke 
algebras 



We enumerate the set N a as 

10 





<f>i 


€ 


€ 


€ 


A is of type C\ and a is long 


(1,1) 


(1,2) 


(1/2,1) 


(1/2,1/2) 


A is of type A 2l _ x and a is long 


(1,1) 






(1/2,1/2) 


A is of type -D; +1 and a is short 


(1,1) 


(1,2) 






A is of type A 2l and a is short 


(2,1) 


(2,2) 


(1,1) 


(1,1/2) 


A is of type A 2l ' and a is long 


(1,1/2) 


(1,1) 


(1/2,1/2) 


(1/2,1/4) 


otherwise 


(1,1) 









Here we have numbered the elements of N a for later convenience. Let ^gC for 1 < j < 4 
^-invariant constants. If (f> 3 a ^ N a , set (I = 0. In place of (|5.2| ), we define 

HJv) := 



E-^ 1 (-n a 7 Q /i Q (5/m a ;n a 7 Q ) , , 

Ca .qi/^n-^, I A <7na7Wm«(H m « a ); n "7a)- (5.5) 



<tf*=(rn<x,n a )e.Na 



^'(0; n o7o 



Then we have a more general representation of TZ including Theorem 5.1 



Theorem 5.2. The map n in Theorem |5.i| with (|5.5| ) induces a homomorphism from 1Z 
to Endc-M- These R-matrices satisfy the unitarity 



(5.6) 



/ 1 \ 




fC\ 




R\ 


-10 1 
-14 


i Sa 


a 


, ^a 


4 
4 


\ 1 -4 4 -l) 




va/ 




W 



i? a i?_ Q — Wq,(5) Mm, 

where u a (S) depends only on 5 and vanishes if (£, a v ) = ±/x a . 

More precisely, we have u a (S) = ((pi-(a) 2 , G»2-Ca) 2 , fes-Ca) 2 , (P4-Ca) 2 )-5'-4 

S = 

pi = (2,l,l,2), p2 = (0,0,l,2), p 3 = (0,1,1,0), p 4 = (0,0,1,0), 
;j _ cj , & 1 (-n a 'y a fj la S/m a ] n a ^ a ) 

d i = P°{n a J a fi a S/m a ;n a j a ) - p°{n a j a {£,a v )8/m a ;n a j a ) 



Proof. We can verify the relations ( |3.1| ) case- by-case, by a direct substitution of (|5.5| ); for 
details, see [0, [191,0. D 

We employ these operators even for the affine root systems of rank 2, though they do not 
have any Coxeter relations. 
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We shall clarify some properties of the operators Y x = n(Y x ). 
Lemma 5.3. The R-matrices R satisfy the following relations: 

Rt_ Xi = R a ^, (5.8) 

where M is a product of some R-matrices. 



Proof. Combining (|2.17| ), the unitarity (|5.6Q , and an equality Tj t_ Ai = t^Tj, we obtain 

o 

for generic £ and thus for all £ G \f. The form (|5.8|) is due to the fact that ifc £-aJ = 



£(t-x.)- 1 implies the exchange condition 0, £_ Ai = r ix . . . r h uj = r^ . . . r im _ x r im+x . . . 



T H^ 



for some m. D 

If the parameter £ satisfies (£,«/) = — /i_ a -, then the P-matrix -R_ Qi reduces to the 
form, -R_ Qi = 2i/_ Q ,( / u_ Q ,)P i where P 4 is the antisymmetric projection ^(1 — rj). Let 

o o 

iei «gA + 

From these properties, we have the following theorem: 

o O 

Theorem 5.4. Let V := .M , t/ie W -invariant subspace of M. and let £ = — p . Then 
Y x e End c V. 



Proof. It is sufficient to check it for the generators Y Xi . By Lemma |5.3| , we see that 
R- aj Y~ Xl \v = 0, for j ^ i by (|5.7| ), and for j = i by (|5.8| ) noting that the unitarity (|5.6| ) 

^ ^ o 

vanishes. Hence F -Ai |y = r^ F~ Ai |y for all j E I. □ 

The symbol F A is adopted since in a certain limit, it reduces to the same one up to 
a constant factor as in the affine Hecke algebras, where Y x is defined for all A G M. We 

o 

remark that Y x has the inverse in Endc -M fc> r generic £ G I)*, but loses its inverse when 
£ = ~/V 



12 



6 Elliptic Difference Operators 

In this section, we calculate the explicit forms of the operators Y x for some A on the space 
V. Throughout this section, we fix £ = — p . 

Theorem 6.1. Let (—A) be minuscule. Then we have 



(6.1) 

v 



\W\\ ° V 

I A l wew qgA+ 

(A|«)=-7 Q 
o o 

where W x is the stabilizer of X in W . 

o 

Proof. First notice that R tx consists of nonafline i?-matrices, R a for a G A + , because (—A) 
is minuscule. Substituting the i?-matrices ( |5.1D into Y x and expanding them, we see that 
every term includes a translation operator of the form t w n) w, where 

o 

w = r a{p} . . . r a{1} G W, (6.2) 

a{q} := a m \ 1 < m p < m p _i < . . . < m 2 < m 1 < £{t x ). (6.3) 

Let us show that w(X) = A implies w = id. Suppose w(X) = X and w ^ id, then we have 
£(wt x ) = £(t x w). From (|2T7l) , £(t A w) = £(t A ) + £(w) > £(t x ) while £(wt x ) < £(t x ) by a 
direct calculation, which leads to a contradiction. This implies that the term including 

o 

t x w, w G W appears if and only if w — id. The coefficient of this term can be easily 
calculated, 

J] H a (ji a ). (6.4) 

o 

oeA+ 

(A|a)=-7„ 
o 

The WMnvariance of the operator Y x yields the form fl6.1|). D 



It is worth noting that as in the trigonometric case [26], we can rewrite Y x in a simply 
laced root system as follows: 






y \v - -5— 2_^ — i *»* 



wew 



(6.5) 

v 
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where we have set /i = \i a and (^ = 1. 

In general, it is complicated and difficult to compute the explicit forms of the operators 
when A is not minuscule. It is the case even in the framework of the affine Hecke algebras. 
There is no minuscule weight available in the root systems of type E% , F 4 , G 2 , A 2l , Eq 
and D\ . However, every root system possesses a "quasi-minuscule" weight v(9 v ) in the 
sense of the following properties: 

Lemma 6.2. 1. A t _ v(flV) = A re U {a \5 + 6)}. 

2. (v(6 v )\a) = or la for aek + ,a^9, and (is(6 v )\6) = 2. 

3. v(0 y ) = \i where oti is the unique vertex connected to ao if A is not of type A\ . 

Proof. We see that r d a = r (aQ 1 (5 — #)) = a ( ^ 1 (5 + 0) E A+, which implies the first 
statement due to the expression rg r$ = t- v (pvy The second statement is immediate from 
the first and Q2.17| ). Since {i/{6 y ),a{) = (a^O,^) = {a^ l 5 — a Ql a{) = —(a ,af), we have 



v(0 y ) — — JZ o(ao,a^)Ai. Then the last statement follows from the tables in 0,|l6|. □ 



Since in the root system of type A] , every A» is minuscule, we have the explicit form of 



Y v ( e ^ by Theorem |6.1]. So we concentrate on the other root systems. Fix i as in Lemma 



By the expression t- u ^) = rg r , we have Y u( - 0V) = R rg R a -^ e+5) t- v (pv) = R rg t- u ^) R-a - 
For the operator Y~ u( * e \ an analogous statement to Lemma |5.3| holds. 



Lemma 6.3. The R-matrices R satisfy the following relations: 

R- aj R re = r3 R re R- aj , for j ^ i; (6.6) 

R rg = R ai M, (6.7) 

where M is a product of some R-matrices. 

Proof. We have Tj t_ v [gy ) = t^ u ^v) Tj and Tj r = r Tj for j ^ i, since a« is the unique vertex 
connected to «o. Then Tj and rg = t^ u ^) r commute, which implies £(rj rg) = £(rg) + 1 
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and thus ( |6.6| ). The form ( |6.7| ) follows from the fact that E(rit- U (ev)) = ^(£-z,(6> v )) — 1 
implies liji rg) = £(rg) — 1 and the exchange condition. □ 

o o o 

Let W i be the parabolic subgroup generated by {rj\j & I,j ^ i} and V» the ^-invariant 
subspace of M. . 

Lemma 6.4. The operator R rg t- v (pv) maps V» to V and the operator R- ao , V to Vj. 



Proof. The former statement can be shown in the same way as Theorem |5^, and the latter 



-) 



directly. □ 

Theorem 6.5. 

i \v — 

' Yl W ( II ^«(/ i °))( /:r a - 1 (e+5)(^o)^(^)-^a- 1 (9 +( 5)((PM^)) 



|W^(0 V )| 



(a,6» v )>0 



(6.1 



Proof. The explicit form of R rg t_ u ^) on Vj can be computed in a similar way to Theorem 
J]. Since Y~ u( * e > = R rg t- u ^) R- ao , we obtain the form ( |6.8D . D 

The operator ( |1.2|) is actually (|6.8| ) of type A 2l , where the terms without translations 



are gathered by use of identities of the theta functions. In [£(], [22]], we calculated the 

o 

explicit forms of y~ Aj |y for all j G / in this root system. The operator (|6.8|) in the affine 
root systems of type E% , F± , G 2 an d A 2l should be compared to the Macdonald(- 
Koornwinder) operator Dgv of type Eg, F±, G2 and BC\ respectively, while the operator 
( |6.1|) in the rest root systems of type X\ to E v -i^\ i ) of type Xi p3| , [25|| . 

In order to investigate a general Y x , let us define a partial order in M_. We remark 
that this partial order is different from that in the affine Hecke algebras. 

Definition 6.6. Let A, A' G M_. We write A ^ A' #£(<*) > £(t\>) or X = A'. 
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For an arbitrary weight A G M_, we have the "leading term" of Y x with respective to 
the order >-. 

Theorem 6.7. Let A G M_. TTien we /iai>e 



f A 



v = — !— ]T u; (<?& + ]T <$**) I , (6.9) 

where g x , G .M. Especially we have g x = riaeA H a (fi a ). 

o 

Proof. Because F A is W^-invariant, it is sufficient to calculate the coefficients of the trans- 
lations of antidominant weights. A translation ty, A' G M_ in the expansion of F A appears 
as wt\ = tyw where w & W and 

w = r a{p} . . . r a{l} G W, (6. 10) 

a{q] = a mq , 1 < m p < m v _ x < . . . < m 2 < m x < £{t x ). (6.11) 

Then £(t x ) > £(wt x ) = £(t y w) = £(t y ) + £(w), which implies £(t x ) > £{t x ,) if w ^ id. 
Hence the expression ( |6.9| ). □ 



Theorem 6.8 (cf. [Q). {Y Xi \i G /} are algebraically independent on V. 

Proof. Consider Y = Yl\ a >X X *= <^ with a^ G C. Let My be the set of all the maximal 
antidominant weights in the expansion of Y on V. Let M Y := U Xe M Y {X' G M_|A' ^ A}. 
Then we have 

K|v = 2Z 5Z w i a ^9x t ^ + lower terms ( A ' "< A ))lv ( 6 - 12 ) 

AeAfy ° 

Fix A G My. There exists ho G F) such that 

{w/i - fto|w e H/} n {« _1 (5, / i0 )(^" 1 (wA') - z/- 1 (w7 , A'))|w, w' eW,\' e M Y } = 

(6.13) 
and g x (h Q ) + 0. Suppose Yf = for all / G V. Then (Yf)(h ) = 0. Since {(t wX >f)(h )\X' G 

o 

My,w G W 7 } can be made arbitrary for suitable / G V, it follows that a x = and hence 
the result. □ 

Corollary 6.9. S ~ C[%J. 

16 



7 Action on Theta Functions of Level k 

The aim of this section is to show that the operators Y x in the previous sections act 

. ° o 

on (Th k ) i , the TV-invariant space of the theta functions of level k or the space of the 

,. o 

characters. To be more precise, we identify Y x with an operator on (Th k ) w by restricting 
the domain. We regard this space both as a C- vector space and as an ^-module. The basic 
idea is from @,[19]], where the matrix elements of Belavin's Zfc-symmetric elliptic R- matrix 



and associated i^-matrices are calculated. Now it is turned out that they treat the elliptic 
difference operators of type A\ 01 A 2 . 



First let us outline our strategy. Since the representation n in Theorem |5.2| does not 

o 

preserve Th k for general £ G f)*, we introduce another representation 7f which always 
preserve this space. The images of S by 7r and 7f coincide when we set £ = — p . As was 

o 

shown, tt(S) at this value preserves W-invariant subspace, so does 7r(<S). On the other 
hand, vr(<S) preserves Th k by construction, so does vr(iS). Therefore we can deduce that 
tt(S) = 7f(5) acts on (Th k )™ '. 

o 

Let bi^ := (pJO) + p ao — Yliei ^ a i a Y an< ^ " := ~R^~- Throughout this section, we fix 

I- 1 

h v 

k = -j- though some of the following statements do not require this condition. 

o 

We extend the action of t\ on M. for arbitrary A G f)* by (t\f)(h) := f(t L _^h). Let 
R a G End c M. be defined by 

Rot '■= t e i a Ratel, (7-1) 

o 

where e\ := -kr(-\p a a - £ + r) a ), e 2 a := X{-\p, a a + £ - T] a ), and rj a G \j* is taken 
arbitrary such that (i] a , a v ) = 0. Then R a does not depend on the choice of r\ a and thus 
is well-defined. According to our plan, we show that this operator acts on Th k . 

o , 

Proposition 7.1. For arbitrary £ G f)*, R a G End@(Th k ). 

Proof. We note that 

f a tf, = ti,t a fW>, (7.2) 
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where a G M, [3 G M and /(A) := A — k(X,K)6 0. By using this relation and the 
condition ( |5.4j ), we can check the behavior under the action of the Heisenberg group (see 
the Appendix) and the holomorphy on the domain Y. Then we see R a G Endc{Th k ). 
Since W fixes 5, we have the proof. □ 

Here we shall make crucial steps to the main statement. 
Lemma 7.2. Let w = r i± . . . r ie uo G W be a reduced expression. Let 

n— 1 .. 

m=l 

where A^ = {a 1 = a h ,a 2 = r h (a i2 ),... ,a e = wr h {a k )}, 

i Pn, ifa in ^ a ; 

Vn := <^ o (7.4) 

■\PJPh V 0^ = 00, 



and p n := p a n. Then (rj n , (ct n ) v ) = 0. 



Proof. First observe that if a n = r i± ■ ■ ■ rj n _ 1 o;j n , then a n = r ix ■ ■ ■Ti n _ x a.i n and (ct n ) 
Ti y • • • Fin-iOin, where fj := r t for i ^ and f := r$. 



(-Pvl, (« n ) v ) = (-P^ r h ■ ''ViO 



(-Pu,r i2 ■ ■ ■r ln _ 1 a){) - Ui(a l , (a n ) v ) 



n-l 



-Y,"m(a m ,{a n ) v )-v n . (7.5) 



m=l 



Then we have 

n-l 






m=l 



□ 
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Proposition 7.3. Let w = r^ • • • r^u G W be a reduced expression. Then 

R a iR a 2 • • • R a e = tsR a iR a 2 • • • R Q it\t^, (7-7) 

where A = -± YL=x &&* = -± E aeAt6 **««• 



Proof. We set r] a -n. = rj n obtained in Lemma 7.2 and set 



X 

e o := e a i = -E + 2^7(^1 - Hi)® 1 , (7-8) 

e« := e^n + e*„+i = — f -(i/ n -/i n )a w + -{v n +i - /i n +i)« n+1 ), 1 < n < £ - 1, 

(7.9) 

e, := & = S + — (- J] ZAn^- -(^ + ^)^J. (7.10) 

^ m=l 

Because r ix - ■ ■ r ie u is a reduced expression, we have for 1 < n < I — 1 

{-fa™, if a»„ = a ; 

-fa^+T ifa Wl = a ; (7.11) 

0, otherwise. 

Let w n = f h ■••f in . If a in = a , then t^-^^R^t^-^r^) = ^(*e„_iao)£(ui„_ii/(0V)) an d ^ 
a in ^ a , then i?^ = R(w n _ 1CHn ). By using the identity 



fc l fc n — 1 fc r. 



( n *(«»m-n'(9 v ))) u, »-i a <»» ( ? - 12 ) 



a; m =ao 



we arrive at (17.71). □ 



Apply this proposition to an element that has two reduced expressions of the form 

w = r^jri . . . = rpiTj . . ., (7-13) 

m,ij factors rriij factors 

for i ^ j E /. Then the relation 

o 

immediately follows. Regarding wll for w € W, as a set of fundamental roots in Lemma 
[7.2| and Proposition [7.3| , we have proved the following theorem: 
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Theorem 7.4. The map n : R a \— > R a ,t\ i— * /((m induces a homomorphism from 1Z to 
End c M and End e {Th k ) . 

For A G M_, we set F A := tt(F a ) = R a iR a 2---R a e G End #(Th k ). Now we are in 
position to prove the main theorem fully stated as follows: 

Theorem 7.5. Let K = ^ and £ = -p^. TTien F A = Y x G End e {{fh k )^) . 



By Proposition |7.3| , we have already shown 



Y — t—^R a i ■ ■ ■ R a et\it^ — t—^Rf^x't^, 



(7.15) 



where A' = —■£? Y! n =i ^nOc n = —£r E a£ A t _ A A*««- Since S = if we set £ = -p M , we have 
only to show that A' = A. 



Due to the formulas (|2.17|) , we have another description of A' which can be regarded as 
an image of A by some linear map: 



y fjL a a = < 



V" — fi a (a\X)a, 

„ 7a 



if A is not of type A. 



(2). 
21 i 



aeA4 



aeAj 



y — /x a (a|A)a + -Aia /_] (a | A) a, if A is of type A 



la 



(2) 
2/ ■ 



iSA-i 



ae(A + ) ; 



(7.16) 



Lemma 7.6. Let L : f)* — > (}* be a linear map defined by L : A i— ► \Y1 % Va{oi\X)a where 



ieA 



v a is W -invariant constant. Then L = a Ida where a G C. 



Proof. We see L G End o (h*). Since C[W] acts on h* irreducibly, the statement follows 



from Schur's lemma. 



□ 



By this lemma, we see that — 2~^ Q eA t 1 ^ 01 = a ^ ^ or sorne a G C. The following proposi- 



tion completes the proof of Theorem 7.5 



Proposition 7.7. - Y, ae A t _ fi a (x = ti£\. 
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Proof. Let L be a linear map defined in the right hand side of ( [7.16| ). Owing to Lemma 



|7.6| , we can evaluate the factor a at any element of ()*. Recall that every root system has 
a quasi-minuscule weight v{9 y ), whose properties we have already investigated. 

(2) 

• A is not of type A 2l 

L(u(6 w ))= V — fi a (a,9 v )a= V fj, a a + ft e 9 = au(9 v ), (7.17) 

a6A+ oGA+ 

where we have used Lemma |Q| . By applying (.|0) in the last equality, we obtain 

a = - Y^ l*a(<x\0) + He = Cp^O) + /W ( 7 - 18 ) 

o 

oSA+ 

• A is of type A 2l ' 

In a similar manner, we have 

LHO y ))= Yl ^ a+ E ^«*oa = oKO. ( 7 - 19 ) 



aeA + ae(A+) ; 



and consequently 

a = (p» + ^ao(p^) = ftj0) + ^ao, (7-20) 



1 

4' 



where p/ = 2_, a = 2A/. 

ae(A + ) ; 

In any case, L{y(6 y )) = h^u(9 w ) and we have — ^2 a£ & t Hc& = L{\) = hXX, as 
required. D 

Note that we also showed that 

^(A|a)(/i|a) = 2/i v (A| ; u), forA,/iGff, (7.21) 

o 

agA 

in the nontwisted root systems. See Corollary 8.7 of [IB 
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8 Concluding Remarks 

We constructed mutually commuting difference operators by means of the root algebras. 
Since the operator is represented in a single product of affine -R-matrices, we had only to 
pursue the image of each i?-matrix and therefore suceeded in proving that they act on 
the characters of the irreducible representations of the affine Lie algebras. However, the 
procedure of the diagonalization has yet to be solved. Prior to this difficult problem, we 
may need to show the selfadjointness on the space of the characters with respect to some 
inner product, since there is no certainty that they can be diagonalized. In A 2 case, the 



selfadjointness was established in [[H]] for arbitrary level of positive integer. 



Since this operator was originally introduced as a quantum many-body system, the 
selfadjointness should be also an important problem in this sense. In the trigonometric case, 
we readily see that the Macdonald operators are essentially selfadjoint on the polynomials 
of exponential since the operators are diagonalized in terms of the Macdonald polynomials. 
In the elliptic case, however, this problem is less investigated. See, for example, |28|. |29fl 
where the two-body system is extensively studied by constructing the explicit eigenvectors, 
or |L7| where the extensibility to positive selfadjoint operators is shown by introducing a 



certain measure on a torus. These systems correspond to negative levels in terms of the 
affine Lie algebras and if we treat positive level cases, the measure includes discrete parts. 

We hope the construction developed in this paper shed light on these problems. 
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A Fundamental Functions and Identities 

o o 

We define an action of n = (v , A, u) G t) x h* x C on a holomorphic function F on Y by 
(nF)(h) :=F(t- X (h)-2mv-(u + iri(\,v))K). (A.l) 

o o o 

Definition A.l. The Heisenberg group is N% = {(v,X, u) G t) x f)* x iR\v G Q V ,X G 

M,u + Tri(\,v) G 2rriZ} with multiplication: 

(v, A, u)(u', A', u') := (v + v',X + A', u + u' + m((X', v) - (A, v'))). (A.2) 

Definition A.2. Fix a nonnegative integer k. A theta function of level k is a holomorphic 
function F on the domain Y such that the following two conditions hold: 

n (F) = F for all n G A z ; (A.3) 

n(F) = e- ka F for all n = (0,0, a) G (0,0, C). (A.4) 

Let Th k denote the vector space over C of the theta functions of level k. It is known 
that & := Th° is the set of holomorphic functions of {5, h). 

For A G h* such that level(A) = k > 0, we set 

Q x . = e -^Y,e tix) . (A.5) 

*6T M 

It is known that {0a | level (A) = k} is an £?-basis of Th k . 

Consider the root system of type A\ . Then II = {a^, «i}; M = r Lct\\ (ai|ai) = 2. We 
have 4 theta functions of level 2 for k G Z/4Z; 

©2A 0+fe AT = e(2A ) ^e(-i(2n + |) 2 5 + (2n + |)«i), (A.6) 
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where e(X)(h) := exp((A, h)) for A G \f. We see that level(p) = h v = 2. 

A P = Yl £ H 9 Mp) = 2Ao + |a 1 - @ 2A -|ai = e (P ~ a 5 ) Y[ i 1 ~ e (~«))- 



(A.7) 



«ieVK 



igAj 



Motivated by these equations, we define theta functions for A G f)* and 7 > by 

^(A; 7) := £(-i) B e(~(n + \ ] V + (n + ^\ 

tf 2 (A; 7) := £ e {-\( n + 5) V + (n + ~)A^ 

ngZ 

#(A; 7 ):=^e(-inV + ^A), 

nez 

tf°(A; 7) := 2(-l) n c(-^V + *\ 

nGZ 

and eta function 

v {S):=e[~S) J] (l-e(-n5)). 

Then we have by ( |A.6|) and ( A.7 ) 

^(A; 7) = e(^ - ±7*) (1 - e(-A)) J] (1 - e(-A' - nryS)). 



A'e{-A,0,A} 
nGZ>! 



It is well known that 



A p = e(h v A )f(5) J] ^(a; la ), 

o 

for some function f(5) which depends only on 5. We symbolically set 

^'(0;7):=M7<5)) 3 . 



For A G f)* and v G C, we define 



MA;7) ;: 



^ 1 (A-^;7)^ 1 '(0;7) 



P°(A; 7 ) 



^ (A;7)^'(0;7) 
^(A;7)^°(0;7) 



(A.8a) 
(A.8b) 
(A.8c) 
(A.8d) 



(A.9) 



(A.10) 



(All) 



(A.12) 



(A.13) 
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We see that these theta functions are related to the classical Jacobi theta functions 
"&j(z; r), Weierstrass function p(z; 1, r) and Dedekind eta function t)(t) as 

#(A;7)W = -^i((Ai); 7 r), (A.14) 



^(X; 1 )(h)=^((X,h}; 1 r), (A.15) 

1 
4~7 2 
v{S)(h)=riM, (A.17) 



p°(A;7)W = -T^(P«^' l ); 1 .7r)-p(7r/2;l,7T)), (A.16) 



where we have set h = 2ni(h — rd + uif), /i e f) and r, -u e C. 
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